Introduction
Let j * (τ ) = j(τ ) − 744 = 1/q + 0 + 196884q + ... be the unique modular function for the group SL 2 (Z) which has a simple pole with residue 1 at the cusp ∞ and has constant coefficient zero in its Fourier expansion. In [6] , Don Zagier showed how the traces of singular values of j * (τ ) were related to the Fourier coefficients of a weakly holomorphic modular form of weight 3 2 for the group Γ 0 (4).
Zagier's precise result is the following. Let −D be a negative discriminant, and consider the sum of the values The classical theory of complex multiplication shows that the values j * (z) are algebraic integers (which turn out to be divisible by u(d)). Moreover, the singular moduli j * (z d ) with a fixed primitive discriminant −d form a complete set of conjugates over Q. Hence Tr(D) is an integer, which is essentially the sum of the traces of singular moduli. Zagier [6, Theorem 1] proves that − Tr(D) is the D th Fourier coefficient of the modular form
of weight 3 2 for the group Γ 0 (4). We recall that η(τ ) = q 1/24
and that E 4 (τ ) = 1 + 240 n≥1 ( d|n d
3 )q n is the Eisenstein series of weight 4. The modular form g(τ ) is holomorphic except at ∞; its full Fourier expansion is given by
In this paper, I want to explain how Zagier's explicit result extends our earlier work [2] on the position of sums of Heegner points in the Jacobian of the modular curve X 0 (N ). In this case, we need the generalized Jacobian of the modular curve X 0 (1), with respect to the modulus m = 2(∞). This generalized Jacobian is isomorphic to the additive group, and the sum of the Heegner points in the generalized Jacobian is equal to the negative − Tr(D) of the sum of traces of the singular moduli j * (z). This gives some insight into the appearance of the modified function j * (τ ), and suggests a problem for future work.
Gerard and I became good friends during our many (often futile) attempts to understand what Don had explained to us. So it seems appropriate to submit this short article to his birthday volume.
The generalized Jacobian
Let X be a complete, non-singular algebraic curve over the field k, and let y be a k-rational point on X. The Jacobian of X is a commutative algebraic group over k whose rational points correspond to elements of the quotient group Div 0 (X)/P (X) [5] . Here Div 0 (X) is the group of divisors of degree zero which are rational over k and P (X) is the subgroup of principal divisors of the form (f ) = ord x (f )(x) with f ∈ k(X) * .
For m ≥ 1 the generalized Jacobian J m corresponding to the modulus m = m.(y) is a commutative algebraic group over k whose rational points can be described as follows [5] . Let Div 0 m denote the group of divisors of degree zero supported on the points of X − {y} which are rational over k, and let P (X) m denote the subgroup of principal divisors of functions f ∈ k(X) * with f ≡ 1 mod m. If O y denotes the ring of integers in the completion k(X) y , and P y is the maximal ideal, then we have an exact sequence of abelian groups
Now assume that the curve X has genus zero and that m = 2.(y). Then J(k) = 1 and the group
is isomorphic to the additive group of k. We can fix an isomorphism of algebraic groups from J m to G a by choosing a uniformizing parameter π of the discrete valuation ring O y . To the divisor d = (f ) in Div 0 m with unique generator f ≡ 1 + a(d).π ( mod π 2 ) we associate the element a(d) in G a (k).
We apply the above to the modular curve X = X 0 (1) which has genus zero over Q. We take the the rational point y to be the cusp at ∞, with the uniformizing parameter q = e 2πiτ given by the Tate curve.
The above argument gives an isomorphism of commutative algebraic groups from J m = J 0 (1) 2.∞ to G a . At the level of rational points, the map F (d) = a(d) defines an isomorphism of abelian groups
Using the parameter q, we can extend this to an isomorphism of abelian groups
Let d be an element of Div(X) with no support at ∞, and let
has degree zero, so is principal. We choose the unique generator f of d 0 with the property that q
Heegner points
Let N > 1 and let X 0 (N ) be the modular curve over Q which classifies elliptic curves with a cyclic N -isogeny. Let P D be the rational divisor on X 0 (N ) over Q which is the weighted sum of all the Heegner points of discriminants dividing D [1] :
We note that the total number of Heegner points x d of exact discriminant d on X 0 (N ) is the product of the class number h(d) by the number of invertible ideals n in the ring O d where the quotient group O d /n is cyclic of order N . In particular, R D = 0 unless the discriminant −D is a square (mod 4N ).
Since the finite 2-group W generated by the involutions w p for p dividing N permutes the Heegner points of a fixed discriminant, the divisor R D is fixed by W and is pulled-back from a divisor P D on the quotient curve X = X 0 (N )/W , which is relatively prime to the cusp ∞.
This is a rational vector space of finite dimension. In [2] we proved the following result, where Kohnen's + space is defined in [4] as a subspace of the modular forms of weight 3 2 , using congruences on the Fourier coefficients. 
Level N = 1
For N = 1, the curve X = X 0 (1) has genus zero and its Jacobian J is trivial. Similarly, there are no holomorphic forms cusp of weight 3 2 on Γ 0 (4). At this weight and level there is a weakly holomorphic form with a simple pole at the unique cusp:
There is also a mock modular form 
